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STRONG UNIQUENESS OF DEGENERATE SDES WITH
HO¨LDER DIFFUSION COEFFICIENTS
ZHEN WANG AND XICHENG ZHANG
Abstract. In this paper we prove a new strong uniqueness result and a weak
existence result for possibly degenerate multidimensional stochastic differential
equations with Sobolev diffusion coefficients and rough drifts. In particular,
examples with Ho¨lder diffusion coefficients are provided to show our results.
1. Introduction
Consider the following stochastic differential equation in Rd:
dXt = b(t,Xt)dt+ σ(t,Xt)dWt, X0 = x, (1.1)
where b : R+ × R
d → Rd and σ : R+ × R
d → Rd ⊗ Rm are two Borel measurable
functions, and W is an m-dimensional standard Brownian motion defined on a
complete filtered probability space (Ω,F ,P; (Ft)t>0).
It is a classical fact that when b and σ are uniformly Lipschitz continuous in t with
respect to the spatial variable x, SDE (1.1) admits a unique strong solution. How-
ever, when b and σ are non-Lipschitz continuous, the pathwise uniqueness would
be broken as the case of ordinary differential equations. In one dimensional case,
the famous Yamada and Watanabe’s theorem [14] provides a sufficient condition
for pathwise uniqueness. More precisely, suppose that d = 1 and for some concave
functions γ, ρ : R+ → R+,
|b(t, x)− b(t, y)| 6 γ(|x− y|), |σ(t, x) − σ(t, y)| 6 ρ(|x − y|),
where
∫
0+
1/γ(s)ds = ∞ and
∫
0+
1/ρ2(s)ds = ∞, then pathwise uniqueness holds
for SDE (1.1) with d = 1. It is noticed that σ(t, x) = |x|1/2 satisfies the above
condition. While in the multidimentional case, if we require
∫
0+
1/ρ(s)ds = ∞,
then pathwise uniqueness still holds (see [14] and [3]). Moreover, when d > 2, the
above conditions are almost optimal (see [12] for a counter-example).
On the other hand, when σ is uniformly nondegenerate, that is, σσ∗ is strictly
positive, there are many results devoted to the study of pathwise uniqueness. We
only mention parts of them. In [13], Veretennikov showed the study of path-
wise uniqueness of SDE (1.1) when σ = I and b is bounded measurable. In [5],
Krylov and Ro¨ckner showed strong well-posedness of SDE (1.1) when σ = I and
b ∈ Lqloc(R+;L
p(Rd)) for 2/q + d/p < 1. In [17] and [18], we extend Krylov and
Ro¨ckner’s result to the multiplicative noise case under Sobolev diffusion and the
same drift coefficients. See also [20] for the study of the weak differentiability of
the solutions with respect to the initial values. Moreover, when b and σ are only
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bounded measurable, and σ is uniformly nondegenerate, the weak existence of SDE
(1.1) was shown in [4] based on the Krylov estimate established by himself.
However, when b is irregular and σ is not uniformly nondegenerate, there are few
results to discuss the weak existence and pathwise uniqueness. In a very special
case, Kumar [6] and Luo [7] obtain the pathwise uniqueness of multidimensional
SDEs with Ho¨lder diffusion coefficients. Essentially, it is the same as Yamada-
Watanabe’s result. It is noticed that in [1], the authors obtain some special results
about the pathwise uniqueness and weak existence based on some results from
PDEs’ theory. In this paper, we find simple conditions to guarantee the pathwise
uniqueness for multidimensional SDEs without assuming the uniform ellipticity and
Lipschitz continuity. More precisely, we shall show the following results.
Theorem 1.1. Suppose that there exists a nonnegative measurable function F with
∫ t
0
∫
BR
F (s, x)p det(σσ∗)−1(s, x)dxds <∞, t, R > 0 (1.2)
for some p > d+ 1, and such that for Lebesgue-almost all s, x, y:
2〈x− y, b(s, x)− b(s, y)〉+ ‖σ(s, x)− σ(s, y)‖2 6 |x− y|2(F (s, x) + F (s, y)).
Then the local pathwise uniqueness holds for SDE (1.1). Moreover, if b and σ are
time-independent, then the above requirement p > d+1 can be replaced with p > d.
We have the following easy corollary.
Corollary 1.1. Suppose that σ : Rd → Rd ⊗ Rm satisfies for some p > d,∫
BR
(MR|∇σ|(x))
p det(σσ∗)−1(x)dx <∞, R > 0, (1.3)
where ∇σ stands for the generalized gradient, and MR|∇σ| is the local Hardy-
Littlewood maximal function defined by
MRφ(x) := sup
0<r<R
1
|Br|
∫
Br
φ(x + y)dy.
Then the local pathwise uniqueness holds for SDE
dXt = σ(Xt)dWt, X0 = x.
Proof. It is well known that for all x, y ∈ BR (for example, see [19, Lemma 3.5]),
|σ(x) − σ(y)| 6 C|x− y|(MR|∇σ|(x) +MR|∇σ|(y)).
Now we can apply Theorem 1.1 to conclude the result. 
Below we provide several examples to show our result.
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Example 1 Let d > 2n with n ∈ N and α ∈ (0, 1], β ∈ [α, 1]. Consider the
following diffusion matrix σ(x)
σ(x) =


|x|α · · · 0 0 · · · 0
...
. . .
...
...
. . .
...
0 · · · |x|α 0 · · · 0
0 · · · 0 |x|β + 1 · · · 0
...
. . .
...
...
...
...
0 · · · 0 0 · · · |x|β + 1


:=
(
A 0
0 B
)
,
where A is a n×n matrix and B is a (d− n)× (d− n) matrix. One can check that
(1.3) holds. Indeed, it is easy to see that
det(σσ∗)(x) = |x|2nα(|x|β + 1)2(d−n) > |x|2nα. (1.4)
Moreover, for γ ∈ (0, 1), we have the following easy fact:
sup
s>0
1
|Bs|
∫
Bs
|x+ y|−γdy 6 c|x|−γ , (1.5)
which follows by the following observation
1
|Bs|
∫
Bs
|x+ y|−γdy 6


1
|Bs|
∫
Bs
||x| − |y||−γdy 6 2γ |x|−γ , s < |x|/2,
1
|Bs|
∫
B4s
|y|−γdy 6 cs−γ 6 c|x|−γ , s > |x|/2,
where c = c(d, γ) > 0. Hence, by (1.4), (1.5) and d > 2n,∫
BR
(MR|∇σ|(x))
d det(σσ∗)−1(x)dx 6 C
∫
BR
|x|(α−1)d−2nαdx <∞.
Notice that the function x 7→ |x|α is only α-order Ho¨lder continuous at point 0.
Example 2 Let d = 3 and m1,m2,m3 > 2. Let α ∈ (0, 1) and yij ∈ R
d, i =
1, · · · ,mj, j = 1, 2, 3. Consider the following σ(x)
σ(x) =


∑m1
i=1 |x− yi1|
α 0 0
0
∑m2
i=1 |x− yi2|
α 0
0 0
∑m3
i=1 |x− yi3|
α

 .
As above, one can check that (1.3) holds. Notice that σ is Ho¨lder continuous at
points yij .
Example 3 Let α ∈ (0, 1). Consider the following one-dimensional SDE:
dZt =
(
|Zt|
α + |W
(2)
t |
α + |W
(3)
t |
α
)
dW
(1)
t , Z0 = z,
where (W (1),W (2),W (3)) is a three dimensional standard Brownian motion. The
above SDE can be written as a three dimensional SDE with Xt = (Zt,W
(2)
t ,W
(3)
t )
and
σ(x) =

 |x1|α + |x2|α + |x3|α 0 00 1 0
0 0 1

 .
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One can verify that (1.3) holds for the above σ. It should be observed that the
Ho¨lder continuity index can be less than 1/2 compared with Yamada-Watanabe’s
classical result due to the regularization effect of Brownian noises.
About the weak existence, we have the following result.
Theorem 1.2. Suppose that b and σ are locally bounded measurable and linear
growth, and
sup
s∈[0,T ]
∫
BR
| det(σσ∗)(s, x)|−2d−3dx <∞. (1.6)
Then SDE (1.1) admits a weak solution. More precisely, there is a filtered proba-
bility space (Ω,F ,P; (Ft)t>0) and two Ft-adapted processes (X,W ) defined on it
so that
(i) W is an Ft-Brownian motion;
(ii) (X,W ) satisfies the following integral equation:
Xt = x+
∫ t
0
σ(s,Xs)dWs +
∫ t
0
σ(s,Xs)ds.
Moreover, if b and σ are time independent, then (1.6) can be replaced with∫
BR
| det(σσ∗)(x)|−2d−1dx <∞. (1.7)
Example 4 Suppose that b is bounded measurable and σ takes the following form:
σ(x) =
(
||x| − 1|
α
0
0 |x|β
)
,
where α ∈ (0, 110 ) and β ∈ (0,
1
5 ). One sees that assumption (1.7) is satisfied. Notice
that σ is Ho¨lder continuous on the sphere Sd−1 = {x : |x| = 1}, and degenerate on
a d− 1-dimensional submanifold Sd−1.
2. Proofs
We first recall some tools of proving our main results. Consider the following
d-dimensional Itoˆ’s process:
ξt = ξ0 +
∫ t
0
bsds+
∫ t
0
σsdWs, (2.1)
where ξ0 ∈ F0, bs : R+ × Ω → R
d is a locally integrable Rd-valued measurable
adapted process and σs : R+×Ω→ R
d⊗Rm is a locally square integral measurable
adapted process. We recall the following Krylov’s estimate [4, Chapter 2, Theorem
2.2].
Theorem 2.1. Let ξt be an Itoˆ’s process with the form (2.1). For R > 0, let τR be
the exit time of ξt from the ball BR. For any T > 0, there exists constants C1, C2
such that for all 0 6 t0 < t1 6 T and all f ∈ L
d+1
loc (R
d+1), g ∈ Ldloc(R
d),
E
(∫ t1∧τR
t0∧τR
(det(σsσ
∗
s ))
1/(d+1)
f(s, ξs)ds
∣∣∣Ft0∧τR
)
6 C1‖f‖Ld+1([t0,t1]×BR), (2.2)
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E
(∫ t1∧τR
t0∧τR
(det(σsσ
∗
s ))
1/d g(ξs)ds
∣∣∣Ft0∧τR
)
6 C2(t1 − t0)
d
2p ‖g‖Ld(BR). (2.3)
We also need the following stochastic Gronwall’s inequality due to Scheutzew [9]
(see also [15, Lemma 3.8]).
Lemma 2.1 (Stochastic Gronwall’s inequality). Let ξ(t) and η(t) be two non-
negative ca`dla`g Ft-adapted processes, At a continuous nondecreasing Ft-adapted
process with A0 = 0, Mt a local martingale with M0 = 0. Suppose that
ξ(t) 6 η(t) +
∫ t
0
ξ(s)dAs +Mt, ∀t > 0. (2.4)
Then for any 0 < q < p < 1 and stopping time τ , we have[
E(ξ(τ)∗)q
]1/q
6
(
p
p−q
)1/q(
EepAτ/(1−p)
)(1−p)/p
E
(
η(τ)∗
)
, (2.5)
where ξ(t)∗ := sups∈[0,t] ξ(s).
The following lemma is taken from [8, p. 1, Lemma 1.1].
Lemma 2.2. Let {ξ(t)}t∈[0,T ] be a nonnegative measurable (Ft)-adapted process.
Assume that for all 0 6 s 6 t 6 T ,
E
(∫ t
s
ξ(r)dr
∣∣∣∣∣Fs
)
6 ρ(s, t),
where ρ(s, t) is a nonrandom interval function satisfying the following conditions:
(i) ρ(t1, t2) 6 ρ(t3, t4) if (t1, t2) ⊂ (t3, t4);
(ii) limh↓0 sup06s<t6T,|t−s|6h ρ(s, t) = κ, κ > 0.
Then for any real λ < κ−1 (if κ = 0, then κ−1 = +∞),
E exp
{
λ
∫ T
0
ξ(r)dr
}
6 C = C(λ, ρ, T ) < +∞.
The following localization result will be used to construct a global weak solution
(see [11]).
Theorem 2.2. Let C be the space of all Rd-valued continuous functions on R+,
and Bt(C) the natural σ-filtration. Let (Pn)n∈N be a family of probability measures
on C and (τn)n∈N a sequence of nondecreasing stopping times. Let τ0 ≡ 0. Suppose
that for each n ∈ N, Pn equals Pn−1 on Bτn−1(C), and for any T > 0,
lim
n→∞
Pn(τn 6 T ) = 0. (2.6)
Then there is a unique probability measure P over B∞(C) such that P equals Pn on
Bτn(C) and Pn weakly converges to P as n→∞.
Now we can give
Proof of Theorem 1.1. Let Xt and Yt solve SDE (1.1) with starting points x and
y, respectively. For R > 0, define stopping time
τR := inf{t > 0 : |Xt| ∨ |Yt| > R}.
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Set Zt := Xt − Yt. By Itoˆ’s formula and the assumption, we have
|Zt∧τR |
2 = |x− y|2 + 2
∫ t∧τR
0
〈Zs, b(s,Xs)− b(s, Ys)〉ds
+ 2
∫ t∧τR
0
〈Zs, σ(s,Xs)− σ(s, Ys)〉dWs
+
∫ t∧τR
0
‖σ(s,Xs)− σ(s, Ys)‖
2ds
6 |x− y|2 +
∫ t∧τR
0
|Zs|
2(F (s,Xs) + F (s, Ys))ds
+ 2
∫ t∧τR
0
〈Zs, σ(s,Xs)− σ(s, Ys)〉dWs.
By stochastic Gronwall’s inequality (2.5), for any 0 < q < p < 1 and stopping time
τ ′, we have
E
(
sup
t∈[0,T∧τ ′]
|Zt∧τR |
2q
)
6 C|x− y|2
(
EepAT∧τ′/(1−p)
)1−1/p
, (2.7)
where
At :=
∫ t∧τR
0
(F (s,Xs) + F (s, Ys))ds.
By Krylov’s estimate (2.2) and the assumption, we have
EAt = E
(∫ t∧τR
0
det(σσ∗)1/p(s,Xs)(F det(σσ
∗)−1/p)(s,Xs)ds
)
6 C
(∫ t
0
∫
BR
|F (s, x)|p det(σσ∗)−1(s, x)dxds
)1/p
<∞.
In particular, t 7→ At is a continuous adapted process and if we define τ
′
N := inf{t >
0 : At > N}, then
P
(
lim
N→∞
τ ′N =∞
)
= 1.
In (2.7), we replace τ ′ by τ ′N and let x = y, then
E
(
sup
t∈[0,T∧τ ′
N
]
|Zt∧τR |
2q
)
= 0.
LettingN,R→∞, by Fatou’s lemma we get the pathwise uniqueness. If b and σ are
time-independent, we can use (2.3) instead of (2.2) to derive the same result. 
Proof of Theorem 1.2. We shall use Theorem 2.2 and Girsanov’s theorem to con-
struct a solution. First of all, since σ is continuous and linear growth, it is well
known that there is a solution (Yt,Wt) solving the following SDE:
dYt = σ(Yt)dWt, Y0 = y.
For R > 0, define a stopping time
τR := {t > 0 : |Yt| > R}
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and let bσ := σ
∗(σσ∗)−1b and
dQR := exp
{
−
∫ T∧τR
0
bσ(s, Ys)dWs −
1
2
∫ T∧τR
0
|bσ(s, Ys)|
2ds
}
dP.
In order to show that the above QR is a probability measure, by Novikov’s criterion
it suffices to verify that
E exp
{
1
2
∫ T∧τR
0
|bσ(s, Ys)|
2ds
}
<∞. (2.8)
By Krylov’s estimate (2.2), there is a constant C > 0 such that for all 0 6 t0 <
t1 6 T ,
E
(∫ t1∧τR
t0∧τR
|bσ(s, Ys)|
2ds
∣∣∣Ft0∧τR
)
6 C‖ det(σσ∗)−1/(d+1)|bσ|
2‖Ld+1([t0,t1]×BR).
For |x| 6 R and s ∈ [0, T ], noticing that
|(σσ∗)−1(s, x)| 6 ‖σ‖2d−2L∞([0,T ]×BR)[det(σσ
∗)(s, x)]−1,
we have
|bσ(s, x)| 6 ‖σ‖
2d−1
L∞([0,T ]×BR)
‖b‖L∞([0,T ]×BR)[det(σσ
∗)(s, x)]−1.
Hence,
E
(∫ t1∧τR
t0∧τR
|bσ(s, Ys)|
2ds
∣∣∣Ft0∧τR
)
6 C‖ det(σσ∗)−1‖
2d+3
d+1
L2d+3([t0,t1]×BR)
.
By Lemma 2.2, we get (2.8). Thus, by Girsanov’s theorem, the process
W˜t := Wt −
∫ t∧τR
0
(σ∗(σσ∗)−1b)(s, Ys)ds
is still a Brownian motion under QR. In other words, under QR, (Yt, W˜t) solves the
following SDE:
Yt∧τR = y +
∫ t∧τR
0
σ(s, Ys)dW˜s +
∫ t∧τR
0
b(s, Ys)ds.
On the other hand, since b and σ are linear growth, it is standard to show that
QR(τR 6 T ) 6 E
QR
(
sup
t∈[0,T ]
|Yt∧τR |
2
)
/R2 6 C/R2, (2.9)
where C is independent of R. For m ∈ N, let Pm be the law of Y in the space of
continuous functions under Qm and τm the exit time of canonical process Xt(ω)
from the ball Bm. Then by (2.9), for any T > 0,
lim
m→∞
Pm(τm 6 T ) = 0.
By Theorem 2.2, we can extend Pm to a probability measure on C so that P = Pm
on Bτm(C). The proof is complete. 
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